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The enhancement of the fermionic condensate due to the presence of both ho- 
mogeneous and non-homogeneous external magnetic fields is studied for three- 
^ dimensional QED. 

!>■ 

^^ ' 1 Introduction 

(N. 

^^ ' The reason to study the behEpdmic of the fermionic matter under the influence 

^Zf} ', of an external magnetic field ElHua has to do with considerations connected to 

-• — ■ the effects of magnetic fields in the early Universe and to high Tc supercon- 

j^ I ductivity. 

The three-dimensional continuum Lagrangian of the model is given by: 

^ : C^ -^{F^^f +^D^j,,^ - mWM/, (1) 

, , ■ where D^ = d^ — iga^ — ieAfj] af^ is a fluctuating gauge field, while Afj, 

rS I represents the external gauge field. The main object of interest here is the 

j^ ■ condensate < ^^ >, which is the coincidence limit of the fermion propaga- 

tor, SFix,y). A first estimate of the enhancement of the condensate arising 
from the external fields may be gained through the analysis of the relevant 
Schwinger-Dyson equation: 

/(Pk 
^^j^SF{k)V'{k,p- k)D,,{p ~ k) (2) 

where V^ is the fermion-photon vertex function and Z^^j/ is the exact photon 
propagator. 

A result which has been obtainedB by approximating the Schwinger-Dyson 
equation for strong magnetic fields is that the dynamically generated mass S(0) 



is given by: 



E(0)~CTn ^-^ . (3) 



There have also been Eipproxiniations in the regime of sniaUer magnetic fields 
with interesting resultsuL but for a fully quantitative treatment one should rely 
on the lattice approach El. 

2 Lattice formulation 

Let us now describe the lattice formulation of the problem. The lattice action 
is given by the following formulae: 

S^^Y. F^^-i^)F''''i^)+Y.^nQn,n■^n■ (4) 

x,tJi.,v n,n' 

F^^{x) = al{x) + al{x + y) - af,{x + ly) - a^{x) 

Qn,n' = Sn,n' - i^ ^ [(5„' ,„+/i(r + 7/l) t/n/iKA + (5„',„-/i(r - 'lf^)Ul_i^j^V, 
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The indices n, n' are triples of integers, such as (ni, 712, "3), labeling the 
lattice sites, while fj, denotes directions, r is the Wilson parameter, K the 
hopping parameter, C/„/i = e*^"""^, K/i = e'^''^"'^ /3q = -i-. af^ represents 
the statistical gauge potential and An/x the external electromagnetic potential. 
Pg is related to the statistical gauge coupling constant in the usual way. On 
the other hand, we denote by e the dimensionless electromagnetic coupling 
constant of the external electromagnetic field Ue{^)- In our treatment we will 
use naive fermions, so we set r = 0. 

3 Lattice Results 

We first consider a homogeneous magnetic field and study its effect on the 
condensate. For theinconstruction of a lattice version of a homogeneous mag- 
netic field we follow S. We will not describe the details here, but just say that 
the magnetic field B is given by the expression i? = rn-^, for a lattice with 
spatial extent N x N; m is an integer and B runs from to tt. We also note 
that we measured the magnetic field in units of its maximal value: thus we 
used the parameter b, defined by: b = -g-^ — . Since B^ax — tt, as explained 
previously, we get: b = — and b runs from to f . We will first present the 
results for the T = case. Figure 1 contains the fermion condensate versus the 






Figure 1: < 't^ > versus the magnetic field strength at strong coupling for two masses. 

magnetic field for a 16^ lattice in the strong coupling regime for the statistical 
gauge field {Pa = 0.10) for two values of the bare mass. For both masses the 
plot consists of two parts with qualitatively different behaviour. For b smaller 
than about 0.3 we find a linear dependence of the condensate on the external 
magnetic field, while for big magnetic fields we find points that could possibly 
be fitted to a logarithmic type of curve. The logarithmic dependence is the one 
referred to above (equation ||) and has been found by an approximate solution 
of the Schwinger-Dyson equations in the regime of strong magnetic fields P). 
We have included such a logarithmic guide to the eye for m — 0.05 in figure 1. 

We now make contacLwith the results for the model with the statistical 
gauge field turned off. In Q it has been found that for big enough b the con- 
densate stopped showing a monotonous increase with 6, at 6 = 0.5 it had a 
local minimum and then had a succession of maxima and minima, up to 5 = 1. 
Moreover, there was a spectacular volume dependence. One expects, of course 
that this "free" case will be reached for big enough Pa- In figure 2 we show 
the results for (3g — 0.5 and Pg ~ 1-0 for various volumes. For (3g = 0.5 the 
"curve" shows the first sign of "breaking" at 5 = 0.5, while at Pg = 1-0 the 
succession of maxima and minima is clear. However, there is no detectable 
volume dependence, so we can be sure that, even at this large /3g, the limit of 
switching the gauge field off has not yet been reached; it will presumably be 
reached for even bigger values of (3g ■ 

Figure 3 contains the zero mass limit of the condensate versus Pg , for four 
values of the external field. We observe that in the strong coupling region the 
b-dependence is rather weak; on the contrary, at weak coupling, the condensate 
is mainly due to the external field and we find an increasingly big b-dependence, 
as we move to large Pg- 

The last topic will be the study of the response of 3-D QED to a non- 



Figure 2: < ^^ > versus the magnetic field for two big values of the gauge coupling constant 
and three volumes. 






Figure 3: < Sf^ > versus fie n the zero mass limit for four values of the magnetic field 
strength. 



homogeneous magnetic field; the lattice approach is very efficient here. The 
model is considered with the statistical gauge field turned off. For the con- 
struction of the non-homog£neous lattice magnetic field, we refer the reader to 
a forthcoming publication p). 

In figure 4 we show the results for a central region of non-vanishing flux 
of extent 6x6. More specifically, for the 16'^ lattice we have been using, 
the region with constant non-zero flux contains the plaquettes starting at 
(711,77.2,71.3), with 6 < 77i < 11 and 6 < 772 < 11, while 713 takes all values. 
Note that nothing depends on the value of 713. The uppermost curve in the 
figure depicts the result for the condensate at the site (9,9,9). We have ob- 
served that the results for the sites (9, 9, 9), (9, 10, 9), (9, 11, 9), which lie totally 
within the region of the non-zero flux, are quite similar. The first substantial 
change takes place at the site (9,12,9), shown in the figure, which lies ex- 



Figure 4: < 'I'^ > versus magnetic field strength where the flux is non zero only in a central 
region extending over 6x6 plaquettes. The condensate at various distances from the center 
is shown. 



actly on the boundary of the above region. The curves corresponding to the 
sites (9, 13, 9), (9, 14, 9), (9, 15, 9), (9, 16, 9) dive together to a value which is 
accounted for by the exphcit mass term and has very httle to do with the 
external magnetic field. Only the curve for the last site is shown. 
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